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Pushdown Automata ( TDA) →HI #
'u¥¥-T'¥¥±E7EG. 't stack, ITE - THERE E - &¥¥ss%gdt¥¥3EiH¥.- to

→ o -70
→

↳ Machine Model of language recognition that allows a similar correspondence to be established with the class

of all context
-
free language . →¥H¥ context - free language z¥E -T similar correspondence

↳ the finite state machine ( described by state - transition diagram FETED
=

↳ ¥fE4E¥. #Easton: tqf.FHETIH.E.HR/EEtze4tiE..2 GG&E¥¥¥Eith¥¥¥B# BABE it'¥¥f¥EEI
↳
Eigil : TDA Ff " fish down store " or stack ofunboundeddeeeh↳

Notation : C ,
d to W ? Current input string token is c and the token at the top of the stack is d-

W

C : vocabulary token I IF¥¥e Fayad :#¥. , T.EE#ETEAf
d , stack token

,
be aged ) *ead the inn, we, and replace the +o , of the sea, by the| w : string of stack tokens components of w , with the left most component of w becoming

the new top of the stack

↳ C Ftt E : State change without reading an input token

d ILL = E : State chang , a stack token string is pushed into the stack , but without posing out anything

I ¥¥g ,
forth.int#ZEEE3oz-tYtaftEaI3uT-tfEtp. -4¥ , Katy stack Fut #

'¥

↳ An input string is accosted if there is a directed path from the starting state to an

whose sequence of input tokens seeds out the string and the stack

* Acceptance at the end of input , stack and input is empty

Example : {Oi l
" I i 203 over { o . I }:

o , Et> 0
1 , of

> E

⑧-④9
hot> E

f¥⇐g.IE#sIEin3utsiE0.AtkiFEE
/ O , E t> O

y
* stack 2oz -5¥CETHK.tt#Feo3siFESZ-fEOtpXstack

✓- ,

fifth
,

Example string : ooo n , → ¥¥t¥¥t¥Ati¥HR±¥.si#5desEyEEe9f..Y?Tee,

f DEE HIEI
,
#FEW E5

State innit Read stack
£

push Etta ] , Fx ?E[FEDE FE

( Fib w ] , It EERIE , stack ;¥ FIFO,
O 000111 / E #i¥¥¥# - ¥4 'gz¥aofI't , wEk¥5k¥

A 00 Ill O O / Stack sat'¥Ikz{ : oi: : ::/4 l l M OO

t d d O↳ E R E -4 Acceptance
in

ur

t
this.tk#fIEaSzineueIastackI73EkIT-E

,

'II accentedTv
⇐ * ⇒

←

JI ,¥±. ! I 'v¥e 4 column : state .
Remain input , stack



Example 2

{ w ! W
"

I we {o , 13*3

→ Language of centered palindromes ; these palindromes have
an exclamation

o , El
-70 I mark at their central position

I , Et
> I

§① ⑧ 9%9758
KEENE ! EE symmetry

Example string : 110 ! 011

State inert Read stack

O 1101.011 / E

& lo 1.011 A N

I o ! oh d l l

3 toll O 04

4 04 ! 011

T All O l l

6 A d d
it c-

7 Et d Et → Acceptance

Examples
{ WW

"

( WE {o , 13*3

{ → All even length palindromes over Eo , 13

0 , Ot> E

ii. II.
'

o EEE " ' " e

Exawryle String : 110011 I

state Remain input stack

O 110011 E

A 10011 I

I 0011 11

3 011 oil

4 11 11

J l l

G E E → Accented



TDA & context free language

* For any context - free language , we may construct a PDA that recognizes the language .

I FEEL , HE - T context free grammar Itta:

JJ Ttt J :

nonterminal symbol { as " b " edits / iz , .kz/g

5- S → {as so I as X c
' 3

- __->
production

X → { bxlb } → terminal symbol
-

↳

YI FEI according If 213A It ,
Eff THT State : go ( initial state) *a 9. ( accenting state

un w

q , @↳ g
→ FEEL'Fa Ft 'T T transition

, # IIF'¥F¥3DAJH recognize

→ ⑨- ④
CEG

t t

µ
??:*.mn#ioIy " '

? !
"

:
""""

I.
a

" ' """ " "" " " '" """"" t"

→ ⑨ ¥
's @Db.bt> EC , CHE

t

I¥zSz ,
For each production N .

there is to be a transition from 9 ,
to itself of the form

E ,
N 1-7 the production

¢
a ,
at> E

f b , b HE

→ ⑨ ¥
's c. CHE

E, S to as S CZ

E ,
S t> as xd CS

E ,
X to b x

E ,
X t b

Example string : a3bC5 = a aa b ccccc

State Remain input stack

O aaabccccc E

A aaabccccc S

2- aaa bccccc aaa X cc Ccc

3 . aaabccccc aaa X Ccc cc

: # 'i'A- a
L

"

4 , b ccc CC X Ccc cc

J - b Ccc cc b ccc cc

& # '

a' b , c

6 . E E → accept



HI'÷¥:

Assignment J 2019

Design a deterministic pushdown automaton that recognizes the language

L= { akb2
"
c
" di l iz I

, Kz 13

s → ab's lab - x
x → c- dxl c'd

a , at>E

b , bt E →
Non deterministic

→
⑨ €5's⑥ c. che

d ,
d he

E, SH
ab's

E , s t> ab
-
X

E , X Hoda

E ,
X t> ed

Deterministic :

→ ⑥ ④ →q①z
b. Ate

-
-

fetish.EE#ItatE-iE:EfEExtEtEy c- - y
U - c , E HB

Sz Ftt 'RE
'n'¥854 a , Et> AA , / ,

/

/ C , Et> B
V

⇐z*¥Egytg, If# CHEEK

④→④ to d¥#tF5 -HE , ASHI -
IT #

'Tc 2¥ f# -T B←Et¥ET

U s I
d. BITE

- -
- -

Assignment J ,
2020

Design a deterministic pushdown automaton that recognizes the language

L= {a " bi c
"

I -220 , Kel}

→ ⑦ a_jEAAp@9a.E
↳ AA

c ,
At> E

1¥# c-sa.s.siw.at#x
b'"

b ,

⑧D
'' At>E

V

AA , Ff'TcI¥t¥ - TA ,
t±¥ ④

Elif # it . # ¥ - T b .
bi¥b " q ,

BHE

bsaf.IQ#Eft2I4tEatk:btxGEk&.
of zi I

'

ziti ,
Efik

'
' t¥tW ⇒by.

J c ,
A-At>E

-5422't
either



a , E
HAA pub, EHESolution : A
b> ⑤

- - -

'¥i¥¥tE¥ b. e↳e .

O
①

" E Jaane
⑥

c ,
At>E



Temping Lemma For Context - Free Languages CEE,

→ Suppose that a language L is CFG
.

There exist a constant 7 such that any string { EL of length at least g

S can be written as S -- airway
where :

7. ) V 't E or x # E

K) lvwxl Ep

{ s ) avi wxiy c- L for all i Zo

↳
Example : Kove A= { a " bi c '

'

I izog is not context free
↳ Assume that A is context free
I
. Let 3 be the constant

Let s be s= a' bed
- : 1st 77
i. By lumping Lemma

S can be written as s = Uvwxy

- i By pumping Lemma

uvi2wxi2y E L

However :

if V , × contain more than one variable : number of a ,
b
, c is inequal

ur way of L

if V , x contain only one variable : number of a ,
b
, c is inequal

uvzwx
'
y IE L

.

'

. Uv
- way of L

-

'

.

7 - L for L doesn't hold

i . L is not context free

h¥t¥¥ :
Are the following languages context-free or non - context-free ?

(a) A = { a :b" c " I iz k Z I}

Assume A is context free

Let 7 be the constant

Lee s = a
? b'd be the string

-

.

' label 7 ?

I . S= a? b
? I can be written as u ✓ wxy

-

.

' lviwxl 23

-

'

- vwx can only be b or ab

consider ur
> way

when vux is ab
,

the number of b . f- 121

i. UV
- way ¢ L

when vwx is b ,
the number of b . t let

i. airway of L # If Ftt -iE#¥E¥&Af 'VE Ibl > lat

I
. uV2ux2y of L

s . L is not CEG



" E¥tHa¥EE¥¥I IGcontradict

} If EGG contradict

( b, B= { as bk
" Csi d -ml III ,

kzl ,
m 213

s -7 XI 'T

X -7 of X c's / as z

z -7 bbzl b
y -7 day I d '

Assignment J , 2020

ca ) A. = { aibkcidi A izl , kzig

Assume A is CEG

Let 3 be constant

Let s = a3bk ddt

Isl 7 7
'

- - S can be written as uvwxy
Consider ceviwxiy :

if V ,
X contain more than one dem

then uv
- wit y is not in µ

So V. x can only contain at most one elem

Sunde V , x contain b ,
then uv°wx°y = uwy which don't

have b → uvowxoy EIA # HI bait'&S±¥# FLIRT , blat t.EE#Fa.c,
DJ.

Suzanne V , X each contain at most one of a , c , d , - FYE
then uv2wx2y makes the occurrences of a , c , d not equal
E. WZ WHY not CEG

I . A is not CECT



Cz) B : { a" b" c " di l iz o , k zig

s→ a
'
s d' / as × Is

X → bc3H be

b pumping Lemma for CFL
b et 't -T '¥tEt¥CELGFE¥¥ .

FH-t¥ ?.tk#ItITfE'E7umrFEHtaS-EztEes5 .EE#ytaFEfiIEE
-

'¥HK¥¥

.IE#s4'ETEEEt-tEiIaHsaG4fft
:

-

uveixyiz



Parsing
↳ Parsing is the process of deterring whether a string of tokens can be generated by a grammar

↳ Brute Force : IEEE 'HtZ'ELIN #Fib
'

E'T grammar# HEE# Laf ESTE string ,
EEE #s 'ET string I. text

→ FYaEZ±¥¥. : Efdynammic programming ta't
-K Hath'EA causing in o Cay

→ Deterministic context - free language can be parsed in linear time - sophisticated posing table construction

→ Recursive Descent ( Simple , relatively efficient approach )

← Basic idea :

¥H¥tiEiE⇒¥T¥ #HE
* A recognizing function is coded for each nonterminul symbol in the grammar

Ff -T grammar Gf non terminal that # - T function

* The current input token is used to decide which of several possible productions is the appropriate one

to use

Example : set of balanced strings { o '
'

Ii I iz of

grammar : < balanced > → o <balanced > I IE
idea : Iti?Et#KF¥I function :

if next token is o :

use a balanced > → o Lbalanced > l # ¥55540 S-gt.jp ,

if next token is I or Endofstting_CE
use a balanced > → E # ESTATE ¥4 in-t¥£EE



RDI (Recursive descent Raising ) #ft Ait 't'T :

① 1¥# ¥e¥¥fE tokens'Ef¥ production. A'¥ -T token EEG g
'774 production, Larsen FEZ TEKLE RANT

→ token 0 both begins a production and appears after <3A L >
,

then Raiser
can 't know

when to use Ce - production
↳ II. KEIZER'€T MEINE ? : At concatenation Saf left distributivity.. Rs t RT = Rest D
-

{Sequence 7 → L statement 7 I Lstatement 7 ; L sequence >

11 equivalent to

< sememe > → <statement > <sequence z.
. , > } 'EEE.FI all left factoring

a

{Sequence Tail > → Lemony > I j < sequence>

It 'H. - TEE Is. #HEH : -A → att . / x Az
H

A → AA '

A
'
→ A . I As

Example :

S -7 absa I abc Sc I abdc I bcc
① Tiki'E÷¥7EabcscFxE¥ absa

s -7 ab s ' lbcc S -7 ab s
' lbcc

s
' → Ss" l da ot s

'
→ sa Icsc Idc

s
' '

→ ale X

* If 2g 233 - 234 FEES - 'THT left factoring # E grammar ambiguous Goff.sn#
-

Palindromes C RD3EEIK#4 #Gatti 73k¥)
↳ '

'

ET palindrome ¥e¥fEiEIGF :

{ palindrome 7 : : = Lemmy > 1011 I otsalindrome > gull Latindrone > I
{ empty > :

:-#'Tif'¥E : #
1. Lemmy >7¥ # Loralindrome > #FIGG . TETE , O ! I

,
Eos #HE "¥EE¥⇒ Lealindrome >Gf

, fifth diocese

III Galindome > If, RD3F¥aEEi¥. IE. LEFF Lemmy>

2 . Two productions both have 0 as their first tokens, and two other productions both have / as

their first tokens . RD't a LEARNT

- : Left factoring not improve the situation

i. RHEE#HIS



Second typical problem : Left- recursive productions * ¥aG7HE¥

Determining whether a grammar allow RD? :

RD'll :

For each nonterminal LN > , let 2h17 '

-

'

-
= d ' Ids l - - - - ldn be all the productions for LN >

RD'll required that

first Cdi ) n first Cx ; ) = Of Eff't tsroduction tag#EL -Efa,

whenever it j , where for any string a , first Cx ) is the set of all initial

tokens in non empty strings derivable from a

RDR:

If the empty string E is derivable from a nonterminal 4h17

* 1332 required that

follow ( N ) n first Chl ) = Of
where for any nonterminal LN > , follow 2h17 is the set of all initial tokens

in non emmy strings that may follow LN> in any derivation
, possibly including the EOS

6

follow CN ) : {S → - - - → - - i → dkHb"'
be footway

( s → . .
. → . . . → Bully

Eos E follow CN)

Assignment 6
. 2019

.

I . S → AE la

A -7 CI
B → BAB IE

.

[ → d Sdlc
D → CCDIE -

cat FIRST CAB ) = {d, C ,
E} × {{ d, c , E}

FIRST Ccb ) -
- { d , c , E3 {d , c , E3

→
ESTH.EE#eYaEderiveEv-tiE-EFtNE

FOLLOW Css ) = { d} X { d , EOS's F±%fE£¥aE¥ follow 4.¥aEEHItH¥ !!

Follow CA ) = { Eos} { b , d, E 053 → S -7 AB → ABAB

FOLLOW CB ) ={ d , { S → ABS CDB → - -
- daddy

( Follow Cc ) -

- E d. Eos 3 s → AB → A

Follow C :D ) = E b
,
d
, E- 053

>
Follow (B ) =

Follow CD) S -7 AB -7 CDB → dsd D B → DAB d DB
( err

= I

S -7 AB → CD B → CD BIB 1. Follow (c) =

- n

,
S → AB → CDB → Cqc D B

S -7 AB -7 CDB → dsd B
, s
→ AB → CDB → CB → CLAD

→ d AB d B → dcDdB
,
s → AB → CDB → dsd DB → DAB d DB

→ DCD DDB → dc DIB



Cb) Does the grammar
allow the use of RD3 ?

R D2 1 : ✓

RD? 2 :

Fok't ow CB) N FIRST CBs = 0 } Iz'¥ At # teas Fl't derive

follow( D) N FIRST CD ) = Of ¥1 EGG production .FI#ty

Left factoring / Left recursive :

ca , s -7 absa I abc Sc I abdc I bcc
I

s -2 ab s' I bcc

S '
→ Sal cscl de

Cb> SsbSa Icca Sb I cab sa I abc

He

s -7 cc s
' l b sa I abc

S '
→ a Sb l b s a rag. cc ¥¥¥ S4, Has'I¥¥H'

#
EFE

HIFIIS 4

{
s -7 salsas . ④kg*y⇐sk¥s¥s

' #tix # s
' 't

w/
ETE'T

S -7 cc S
' I I↳ ELISE S

' EHII¥± ES '
, Sastha ' '¥ S4

s
'

→ ans' l bys
' IE 22 EGG#Iti EE s '

. Eat

Hd ) S -7 SBI E S→ s
'

= > V
B -7 Bb I am s

'
→ B s

' l E

B → B '
X B→ a B

'

B
'

→ b B ' I ⑨ x → E

# s → abcsd I abdds I cdabslcdbb ,

g
IIE!

Id l

S → ab s ' l cds
"

o,
I s -7 abs

' / cds "

s
'
→ csd I dds I ab s l bb

,
s ' → csd / dds
s
' '

→ abs Ibb
Cf , s-7 Sab t sac I b Ic t

µ → left recursion

s -7 s ' lbs ' l CS '

s '
→ abs ' I acs ' l E

µ
Ox

¥

S → s
' lbs ' Ics '

s
'
→ as

" l E

S " → b. S
' l CS '



Assignment 5. 2020

Ca ) s → ac Sa ( acbsb I acdblcbb

I
s → acs' I cbb
s ' → sa I bsb Idb

Cb ) s → bsalccasb I absa Laba
du

S -7 bsa I ca s ' labor

s ' → asb l b Sa

Cc ) s → Sa l Sbc Icc l E

H
S-7 ccs ' l s '

s
'
→ as

' I bas ' ( E

Cd ) 5-7 SA le s → s '

⇒
A → Ab la s

' → AS ' l E

A → AA '

A '
→ BA ' l E

Assignment 6 . 2020

s → c Aa I a Ab l BB

A → DAB 1 CBI E

B → BB I c Ba IE

Follow CS ) : { Eos }
Follow CA ) s s → c Aa → { a}

S -7 a Ab → {by } {a. BB
⇐"" ' B ' :

ss? g ,'t ; -5g ; !
't } , ?£d

-BI Eb} Eas.Eoss£
Cb) Follow CB ) n FIRST CBI = { b} → break * D2 2 → Can't RD



Intro to Szecification :
* Feiner -THE I II. af, HERE'¥÷Ef¥¥. #Eff if FEE ,

AGH. RE - THE'¥Efst¥¥ 'S HFN§ :

( requirements, → specification → implementation

# ↳
verification { FIFI at reasoning

trigonous reasoning

Specification is a contract :

Total correctness : Frogmen started in a state satisfying the pre-condition old terminates in a

state that satisfying the post - condition &Fiz¥aF fire condition
,
2115¥. pose condition EGG EEE

partial correctness : If the program terminates , then the Variable at end satisfying the post - condition

¥. £
, specification 'Fhi¥¥# EH 3h09am TEKE#1487 .IE#EiFZziaTntaf.-eHa-T Away search t.EE#IK2vogram, Eti '¥

¥7,3 'stat specification . 44*44 : input ,'¥r¥ , *fifth.tt#dafFf2AHEEeiHI , -
- - - - .

Ed'5IIf#t¥. Effi '⇐¥iFtLkIEE¥
* siecification Fit 55¥ Static IIE D←i↳¥ ⇒¥. ↳g. dynamic g. assertions at E - E's '¥ IKEA F

t

-s⇒zf¥fxGIe identifier hat type , identifier i¥¥£# t.tk#e3nj

cons .*¥⇐⇐.

"""""""""""""

""". .⇒. e¥¥¥¥¥¥÷÷i¥÷¥÷÷:*.÷¥÷*⇐⇐±tFH4¥g dynamic Saecification If'Fzi¥⇒# :

-

1¥:: :::::÷ : :: :÷::÷÷÷÷÷:÷
.

The requirement that the Array segment Ato : n - i ] not be changed

kith#EE±¥¥e At As¥¥
↳ A logical formula IIGS

↳ doe
, it , I

,

=
, indie ,

it
not

7- , tf

Implies Ed : if 9 indies Q holds
,
then 7 is said to be stronger than Q and Q is

said to be weaker than T

← b
and Q do not imply 3 ,

then 7 is strictly stronger than Q else CQ implies 2) : p iff Q
-

-

Bound : FOLAU CI) 3 ←7 VI , 3 } Iis set to be bound

Exists CI ) 7 ←7 II , 7

Correctness statement :

ASSERT CT ) f*htiEZI¥a¥ pre condition

C → code segment

ASSERT CQ) (* FIERI CEE#zfe.tt#ZIEa.E rose condition } % ①

I'I¥E.. , Zfc 307€ - T correctness statement , 42478k¥ assertion , a correctness statement is either true (valid

of false( invalid) , independent of airy Zamindar state of a computation . FIFI , an assertion can be true (false given different state

{ A correctness statement is a statement about code satisfying a and 2ost

An assertion asserts a zvooierty of computational States



Simple assignment statement

↳ Safety. FIE.FI#hEkEftxfIeEFtaf7E correctness statement 9 {c} Q

{ { c } Q

f - 'HEH

N== no { n=n - I;] n -
-
= no - I

↳ Hit't
'¥ generalize after,

Axiom Scheme : V I { V-- E:3 V== EET Ev → I }
um

↳ Expression E with occurrences of V substituted by I

Ext : £==y { x -- txt 23 f== Ty -12
- - 7

¥

Ex 2 : x==y { x=3±'s } x -- =3 # y +2

-
+→y

f±¥z Axiom Scheme.FI#eEEHJGaf.AtIti7E 'Z¥t¥ ere condition ;3eV==I #Ferhat . #EIt¥EEEiI, fide,

Hoare 's axiom scheme : [Q] ( Vt> E) {V= E 's 3 I
-4
Assertion Q
-
<
& f occurrences of V f4¥E

Lecture I #EGG LIKE.. : Given arose condition , determine most general recondition that guarantee post condition

Ex : n- I > =
0 {n = n - I j J n 7=0

t

-
re n

- l

Substitution :
TITEL substitution safe-tEE :

#is'¥k¥¥¥t¥Gf7z-T unbound (freeing variable , # EIEE.tt#-tEfE
#n¥iz¥¥¥EEGf¥ - T bound If variabk , #father#

#i¥ a free Taf , It ¥¥t¥x , TE x= a .AE#EEE4yEboundBGa-fE3zE,fe*e, #I:#¥¥t8

#Ik¥7 :

Ci , p Ex -

- o ; 3 x=
-

- o f : O = -- o ✓

Cii ) T { x '- O 's 3 × 7=0 3 : 07=0 ✓

Ciii ) 7 { x -- o ; } × >o 3 :
O 70 X

Civ ) 7 { x -- o ; } ya 3 : y > 0

( V ) 7 { x = xti 53 f-=/ f : X ti = =/

( iti) 7 { x -
- x -11 ; } x x 9 : x -1170

( vii) 9 { x = xtl 's 3 x==y 3 : Atl ==y

(viii , 3 Ex -- x - l ; 3 x== y -I z : x- I -_ y - I



Assignment 7 2019

(a) 3 : 2=-1 X

( b ) 7--272 X

Cc) ytz 2ytZ
Cd ) Z > cxtytz) # Cxtytzt -12

(e) y # y > 2- TJ

( f ) Exists (w -- o
'

s WL lo ) Yt 2- t w = -- Jo✓(g) For All Ct -- l ; tsloo , ytz t2 # t 7 w -12 → ¥f¥3z¥

(h) For All Cx=l ; XL 2- I xty +22100

( i ) For All ( t -- I i t 2h ) Exists ( h - l ; h - njcytz) # t d 3 # ht W

( j ) For All Cy -- l ; yen ) Exists CX =L ; x Lh ) x # y 2=3 # 2- the

Assignment 6 2020



Using Mathematical Facts
* FEEL

,
SEKI-F mathematical facts ETEEEFE.BE#e.kcEkaS-

↳ ASSERT Cn > o)

11 n > o indies n - I 7=0 →
'E- Dig :Zk¥± mathematical fact , ¥ - 45

isttueineverystatem.ATASSERT ( n- I > = o ,

N= n - I
'

j

ASSERT Cn 7=0 )

↳ t¥E¥¥fGF . At mathematical fact to strengthen a pre condition is formalized by
ye condition strengthening :

3
' { c } Q 7 implies 3

'

-2
9Ec}Q

Et¥a¥
,
Hirose condition IKE

,
# Flit #¥¥b mathematical fact , Flik '#

Post condition weakening i

{ {c } Q Q implies Q
'

¥1
btEIF7¥ inference rule : * inference rule 4, EEE IF¥%.GE#EIidA-S.T-FEGfE7i7EEtfoF

More inference itule :

sequencing :

{ {Eo } Q Q {ca }R ETAT inference rule 't¥¥I¥exf
F

Fk

{{Coc. } R ⑤ *GML
{ {co 3 Q Q implies Q

'

Q
'

Ec . } R
-

{{Coc, } R

* II. £13
' '¥¥AfiE¥I3 #Hk, # formal proof E¥tk¥

,
formal proof}EiI #AAF - ¥4 #HEI , 4¥ #

formal proof is difficult to read
-

↳
ESTHER# 3woftableau×_

- short hand notation for a formed aloof
- contains : pre - condition, post - condition

↳ Exit?e* :

ASSERT Cn > 1)

ASSERT Cn - I 70)

n -- n- I

ASSERT Cn 70)

ASSERT ( n > =L)



Example :
Are the following correctness valid ? CHI 743)

ASSERT Chino )

11 Mathematical fuck , h2o implies n# n >o

µ ,, [
ASSERT C n# n so,

n= n# n

ASSERT Cn 70 )

Sequencing EEEIZE.TF.tt :
ASSERT ( x -- = xo && y yo)

TC X Xo && y== yo)
\

#*(
Asset

2-= x

⇒[
ASSERT CZ==xo &&y==yo, y

Each intermediate assertion is both a pose and

a precondition , recall the sequencing
my inference rule

( ( z==xo && ×==H
sequencing :

H .# (
ASSER-

f- 2- 3{co } Q Q fer }R
ASSERT Cy -- = xo Rd X JD - y{{Coc, } R

{ {co 3 Q Q implies Q
'

Q
'

{c. g R
-

{{Coc, } R

Example : Verify the validity :

ASSERT C i 2=0 old f -- = power Cx , is)

# This is valid since i 7=0 implies itt 7=0 and y x
'
'

implies y# × = = x
" '

ya [
ASSERT C it -17=0 old y # × == Power Cx , it -1 ) )

Y -- y# x

( C itt 7=0 old y== power ( x, itt ) )

# [
ASSER
'

it -1 ;

ASSERT ( i 7=0 && y== power Cx , is,

Assignment 8 , 2019
i. Verify following statement : valid !

ASSERT C y O 11 Z > - t )

11 if y o
,
then Z Z -2g hold

, if z > - I then 2- 7=0 hold

Ef - Ey Ffixtfti ASSERT ( Z 7=0 11 2- == Z - ay ,

f ASSERT ¥ y ASSERT C Z - y > = -y 11 Z -Tty = -- Z -y -y ,

¥÷:÷÷¥÷¥÷¥¥ Iss:*:
iii: :* . .ae.

Ha (
ASSERT

2- = xty ;

µ .,y[
As C '' 7- x - Z 11 Z==z,

-7 ¥u¥¥fEFit z ×

f- x - z;
¥uE¥t§kb 2-2=0

ASSERT C X >=y It 2- = = xtyj



AH'¥¥*F¥
×

mm

that ! !

a
f-Eibckl.EE#k7=0

Example 2 : Verify the validity of# n

ASSERT C K > odd f==EibCk) && g Fib Ck- i ) ) (
-

H t ? ? ¢ A#LIE ,' kingly K K 70 Can't indy k > = 0 , so this
v u

µ#[
ASSERT Ck 7=0 && Jtg fibckti, be f== Eibck, g is invalid X
- -

t-- fig
> ASSERT C K 7=0 old t - = Eib Ck -14 old f -_ = Fib Ck))

""(* TASSE# Ck>⇒ && E== Eibckti, old g -- = Fibcks)7

f-- tH.tt/AssEp-cky=o&&-f----EibCktD&dg=--FibCk
) )

¥iai¥¥[ASSERT Ck 7--0 Al f it , &&f==Eih ✓
' YET FREES assertion

t -- fig
> ASSERT C K 7=0 old t - = Eib Ck -14 old f -_ = Fib Ck))

""(* TASSE# Ck>⇒ && E== Eibckti, old g -- = Fibcks)7

f-- tH.tt/AssEp-cky=o&&-f----FibCktD&dg=--FibCk
) )



If - Statement

↳ F±tEI : 3 { if CB ) Co else Ci } Q Ft else[
{ if CB , q, go,

22 else

€
inference rule :

q&& 1. B {Ca } Q{ old B {c , } Q
-

{{ if CB ) co else Ci } Q

⇐¥'ET inference rule EEI.ST-E.AE'T proof tableau scheme :

ASSERT C ?)

if CB)
ASSERT GARB)

Co

ASSERT (Q)

else

ASSERT CT doe ! B )

Cp

ASSERT CQ)

ASSERT CQ )

Example : ASSERT CEL -- y,

if Cw > Z II y >x)

{ w =z -I 's x -- y ;]
ASSERT CW 2=2-2-- y L = X )⑦ corresponding proof tableau

ASSERT CZL=yj
ASSERT CZL=y,

if Cw >Z Il y > x) if Cw >Z Il y > X)
ASSERT ( Z 2=y d& CW > Z ' l T 2x)) ASSERT ( Z 2=y d& CW > 2- it T 2x))

µ,
75¥71" Z " " Z ⇐ × " "

⇒ µ

ASSERT C Z - I a- 2- ⇐yay )

X w = Z - I

Hss
-

( ( W 2=2-2--4 2=x,

Ha
=y¥

µ, [
ASSERT CW2=Z2=g2=y,
X --yASSED T C w Le Z 2=y 2=1, ASSIA T C w Le Z 2=y 2=1,

ASSERT cute 2- 2= y 2- x) ZHILI else 422¥#TIE ,
I -'⇐ FE#E- Et's

↳ else

ASSERT ( Z L --y Id ! Cw> Z II y > x D

H ! C w > 2- II y > x ) require bed -- 2- and yet

ASSERT Cute Z Le y 2=4)
ASSERT Cute Z Le y 2=4)



Example 2 :

ASSERT Cy yo RR Z -

- = Zo)

if Cy - = Z)
{ y= 2- ti j z =z -1253

else

§ z -
- yes , y -

- y ti 's}

ASSERT (max Cyo , Zo ) 2yd Z )

↳ Corresonde proof tableau

ASSERT Cy== yo && 2- ⇒ Zo)

if Cy 2=2-1

ASSERT Cy-- '- yo Rd Z Zo doe ya E)

X-azimiesthefowingmathmat.ca/fact

µ.,§
ASSERT C Max ( Yo , Zo ) L Z ti L Z -14

D
y== yo &&z==Zo&&fL=Z

indies 'yo Lztldz -12 , whichY -- Zet

µ#[
ASSERT ( Max (Yo , Zo ) L Y L Z -14 indies max Cyo, zo, 22--1122-12

2-= 2--12

ASSERT Cma x Cyo , Zo ) < J2 Z)

else

ASSERT Cy -- =
-

Yo &dZ==Zo&& ! Cy⇐ Z ))

H :' ! 2=2-1 indies y > Z ,
so the following holds

µ . ,y[
ASSERT ( Max Cyo , Zo ) dy ti 2 Yt 2)

2- = Yt 2

Max ( Kyo , Zo ) 2 Ytl 2 Z )

Ha

*Tc

y = y -11

ASSERT Cmaa Cyo , Zo ) 2yd Z)

ASSERT Cmax (go , Zo ) dy LZ)
t

¥¥fz#REIS Eff if Taft# 'to , ¥22'EyE£iE¥ FEIGE - 4¥ , EMI 22¥ else part .ci#ofI proof tableau &

Fa else taFEf

↳ - If tL7¥¥GFBg¥ : why CB implies To ) old c ! B indies 2 . ) is valid as a pre - conation f.

ASSERT CD

if CB )

ASSERTClo)

co

ASSERT CQ)

else

ASSERT Cli)

( I

ASSERT CQ)

ASSERT CQ,



while statement

↳ FEET 3 loose , Elif 't'¥I FIE - T 1003 Invariant : A single well chosen assertion
Is

2003 Invariant

41. Formalization of intuition
→
t#TKf¥IF¥a¥e True .GG

↳ Incremental C True at every iteration)
-

*2- In a list , invariants usually say something about the ' '

Zant of list 's

→
EEE'T#22341¥:#If↳

often talks about mathematical relationship ( size bound AI o - - - i - I]
-

A EJ- - - ig
* 3- Invariants have no concept of time

↳
Can tell you : the statement about variable at some moment is true

* 4 - Loop Variant f- loop condition

* III : invariant may follow directly from some pre condition / some code like initializing

assignment may be needed immediately before the boss

2f¥EIFet : H¥ YE - ¥4 #He ,
# 4k¥ - Fx FETE-8¥ has ,E 45¥#K¥4535342 . 4K¥

EKiizt.tt#IAAE-:k.EtiEfieiatafEEF ix. %feTHEEIEFE.fi

↳ L#dKF¥Eh'#z4 #F. A ix. %¥#E

( s, kf¥Eki¥GHFKf¥EAT¥T¥E# IT-9¥ I hi, KEEFE'VE .gs#EFhtFhfEHHEIfafF'EEt5IE , Katz
*arteritis,tIHE{

is , #i¥9h¥EF.ie#.tyEEEnzfF--EEtfTniAFIE.tfHuE4-
'IEEE .AE#EFhIhEtEtKFEEfFiEEliIiEFfJG'Etta↳ ILL'iEIH , KFEEF.se#Ef3F.'EEhisafita.KEEEF- 'X' '

'

EEE
, ¥KhEEkI¥A'EEE It . KFEEh.EE-4k¥

while : Inference rule
I doe BEC } I
-

I {while CB) c } Idol !B

Is
ASSERT CI) → Fit'¥¥y ASSERTCI) CTE loop GF are condition
-

while CB)
ASSERT CI R&B)
c → ¥ HE CHAETAE, I #THEE, False - FF , they#GAFFE , I #5¥# true
ASSERT CI)

ASSERI CI old 1. B )



Example :

while Ci ! -- n )

{ y = y * ni ⇒
it t ;

}
HI :

→
£hftki¥IHe ⇒ we may prove following use assignment axiom scheme and

ASSERT CI)
↳
I 7=0 Sequencing rule :

while Ci ! -- n ) ASSERT Citi 7=0 old y # x == power ex , it , ))

ASSERT CI dd i ! - n )

µ .

ASSER -1C it-17=0 old Y# x -- Tower C × , it, ) )

y=y*x
7£ Q {

µ, Fsst¥Fc iet >⇒ ad E- rower Cx . it ) )

itt

itt / f ASSERT ' '
'

7=0 && 5- = ←" " ' i"

ASSERT CI)

ASSERT CI&& '
- B) ✓ Then we find following mathematic fact :

pimples 3
'

{ {TLd indies y*x== cx.it ,
i >= o implies it , 7=0
men

|↳ Then use pre conditioning rule to derive

EEE, ffz. I termination
↳ ASSERT Cy =

-

- eouercx.is old i > =o Rd i ! -- n,

y=y*x

¥, 3rd
exam

"

2Ec3Q ( a
.

> = . see y eouercx.is )

#
J
ASSERT ( y fuel Cx , is &&i > =D -3g invariant

ASSERT ( true)

( f-= Tower ( x , o ) && O 7=0,

+, [
ASSERT

i -- o ; 11 tghtFEG.AT# T assignment

µ .
,y (

ASSERT C I Tower Cx , i told i > so ,

y -- l ; 11

ASSERT ( y== power ( x. i ) Ali > =0 ) 11 I¥L#X4f¥EF¥yXEtExEE¥EG
while Ci ! -- n ,

ASSERT ( y== lower Ct , i ) && i > = o &&i ! -- n )

H i 7=0 implies it , 7=0
,

y== power Cx ,
i ) indies y# X = : power Cx , it y

µ . ,y [
ASSERT C Y# X == Powered , it i ) old it , 7=0 )

y -- y# X
( y== Rowel (x , it , ) && it i 7=0 )

H -A f
> ASSERT

it -1

ASSERT ( y = -

- lower Ct , i ) && i > = o )

ASSERT ( y = -

- lower Ct , i ) && i 7=0 doe i = -- N)

H Y-- = Lower CX , it old i n implies y -- = goner Cx , n,

ASSERT C Y -- = power Cx , n) )



* If 45¥EIGG roof tableau Ef - IEEE :

ASSERT ( true,

assignment - C -
- a

ASSEI) → 'ET assertion ft assignment FEES#LEGA

while CB)
ASSERT CI R&B)
C

ASSERT CI)

ASSERI CI 88 ! B ) → THE Idol t.BI-I.FI 305L condition Taft't . Effigy.EE#S,fEIeII

ASSERT CQ) ¥43 It-GG post condition Q , FIE'¥¥E ELE Idol 1B implies Q

Example 2 :

I : it's = -- too old O Lei 2=101 ASSERT ( true)

i = o ; I = too ;

⇒µµ
ASSERT ( too too && 02=0 2=101)

while ( id -- too ) { 5=0 j

i = it , ; j -- j - l ; } 1C it too == too && 02' it lol )

Hea

ASSER-

j = too;

* Note that inference rule for ASSERT ( itj = -- look 02--12=101 )
while loops verifies only partial while cite Coo ) E

correctness ,
EFE'T#IEEE III 'while look'SEE ASSERT ( itj = -- look 02--12=101 &&i2=LoD

µ 11 it j == 100 implies itj ⇐ too
,

o ⇐ i 2=101 old is .- too implies 02=41401

ASSERT ( it j = -

- too old o L -- it I 2--101 )

i -- o; y -- l ;

y. , [
ASSERT C itt tj == lol && 02 = it I 2=101 )

while Ci ! =L,
→42¥40. 145k¥ i -_ it I j

INVAR Ciao &&y== lower Cx , is , ASSERT ( it j == lol d& 02 = I 2=101 )

{ y -- y# x ;

µ .,[
ASSERT ( it j- I == too && 02--1-2=101 )

ite ; j=j - I
} ASSERT ( itj = -- look 02--12=101 )

1¥ SSERT ( itj = -- look 02--12=101 doe ! ( I 2=100) )
is-_ lol Ali > 100 implies is -- lol ← 11 itj = -- too && ! Cite too ) implies i lol doe j== -I

i lol old it's too implies j==- I ASSERT Ci lot &&j== - l)



Example 3 :
INVAR IT Tower Cx , n- K) && 02- Kun ASSERT ( n 7=0 ) H n 7=0 implies n 7=0

ASSERT ( n 7=0 )
µ .,yq

ASSERT C f- = lower Ct , o ) old o2= n2=n,

ten ; Ken ;

y -- l ;

µ,}
ASSERT ( ( == lower Cx, n- K ) && Ole K ten )

while Ck > o ) { 9=1;
INVAR CI ) ⇒ ASSERT ( y Tower ( X, n- K) &&O2=kL=n)
y=y*x ; while CK > o ) E
K'- K - l 's ASSERT Cy power can-K) d&O2=K2=hd&k >O)

} y y power Cx, n - K ) implies y# x == power Cd
,
n - kti)

ASSERT CY= -

- power Ct , n) y k >o && Kien implies o IK-I 2- n

( Y # X == Power (x , n- KAI ) && ok k- 12=4)

Ha [
ASSERT

y=y*x ;
ASSERT ( f-= Tower (x , n - ktl ) && 02=12 - I 2=h )

µ .,y (
ASSERT ( y power CX , n - CK- l ) )&& 02=12 - I 2- n )
K -

-
K - l ;

ASSERT ( y Tower ( X, n- K) &&O2=kL=n)

}
ASSERT Cy power can-K) d&O2=K2=hd& ! (K >o))
H K >= o and 122=0 implies K==0

11 k==0 implies y== power Cx , n )

ASSERT ( y power Ct, n) )

Find a proper Invariant I

4 Often , the invariant may be obtained by generalizing the post - condition of
the specification .

↳ A simple technique that frequently works is to replace a
"

size ' ' constant

by a variable that is used as a counter .

↳ For example, I# GAZETTE k¥-4 example , the assertion y == power Cx , is used in

the inaariant for the preceding loop is obtained from the Lose

condition f- = power Cti n ) by replacing n by i
↳ ¥tG¥IIE, I , it will usually be necessary to add range conditions on

such a counter
,
EEdktztfdit.kz't example : we added the assertion i> =o to the

invariant to ensure the power Cx , i ) was meaningful

ASHITA invariant lit 15k¥'s FEE Hit GG#At :

I . It's preserved by loop body

z . It may be established initially by suitable assignment , taking into consideration

the assumed are condition

3 . Together with the negation of the loop condition
,

it indies the desired post condition
,

perhaps after some finalizing code is executed



If invariant

I ASSERT Chen 2Max,

{ ine i , ① IKE'Et*t EFFIE a WEEK,# - TEETH
for AUGGIE , EP←i= Esau Ck-- o ; kn) '€TEEF¥§

" → %¥E¥ - TEE⇐ ,

#ETEEE '¥
ASSERT CI)
while Cian sq - - - .

ZEEK :O , if# to
AET =/

i = it i 3
It # it . K'¥¥a , eat HEHE FIEFO , Ez

- ZztEEA , H NII
,

i' = I
,

I . ForAll Ck=o ; Kei ) - - - .

② '⇒ I:÷¥÷÷÷¥÷÷I:÷÷⇐.is#i.iaiane*-inavrian*it--
I = KEGEL l Ee it ,

I '
I 2-1 , za : i. C isn ) → i > = n

'¥ #IEEE #355

µ
. .

'

. I a-
is-_nf±I4Lost conditions

ASSERT CI old i. Cian ) )

ASSERT ( Eor All Ck- O j kn TAEK] = -13 * k# k t ) # k -12 ) 12

Invariant :
A 2- i ten && ELA" C k=o; Kai ,

-

- . .



Array search iz,¥-f¥F#stfu. - t.EE#.tEEfII2woftableauGG
-

ASSERT Coen D= Max) HEH , ,¥gE¥¥tz ASSERT?E¥. -4488¥ A{ int i ;

present = false ;
i -- o ;

while Ci ! In , {

if CA Ei ] == X ) present = true;

it -1 ;

} 11 end while

ASSERT ( present iff x in A [ o : n - I ] )

Invariant ; present ift x in A Io : i - I ]

&& O2= id -- n

proof tableau :
ASSERT Cosens -

- mad shy.IE#IFEEQJH-RFExFEtA-MJGGFz'⇒ i¥ i ¥¥¥4¥qI local
mum

{ variable , the pre - and post - conditions do not mention i

int i ; ↳ Inference Rule for local ceriable :
ASSERT COL-_ nd Max) 3 {c } Q
-

[
ASSERT C false iff x in A [ o : - I Told 02=02 -- n ) 3 {TI ; C 3 Q

present = false; I

[?¥soF*TC3ksent iff x in A [ o : y yal 0<=02
-

- ng
I# ""e

ASSERT coivesent iff x in A [ o : i - i ] old one is -- n )
while Ci !=n ) E

ASSERT Greene iff x in Afro : i - I ] old Otis -- n dd i !- n)

H i 2=0 implies i 7=0 , i !=n && ion implies i)y
ASSERT Csgvesene iff x in Ato : i] &&o£ i th)

if CAEII = -- x ) {

÷÷÷÷÷÷i¥:i:÷÷i:*.
it.nu#iEI)

ASSERT Cheeseut iff × in Afro : i - I ] old 02=12--2 311 end it

else { U

* #* it #sees#
"is:3 's

"

III. '¥
. ii.it

': Keesed.i.io?i..geaeisi*sEzSz
- Ef assertion , ASSERT Greene iff x in Ato : i - I ] old Okie -- n ) f end else

Eh '¥e¥zI¥ if ( desk
#

ASSERT Gree" it × in Alai] Al O th) Egg,€§L#¥, , ,¥¥# if
Efttt

µ ,>(tH VEELLEFLFIKJGS-itt.tt
itt k'¥¥d
ASSERT Cheeseut iff x in Afro : i - I ] old Otis -- n )

TET

} end while

ASSERT Greene iff × in Afro : i - I ] old Otis -- n old ! Ci ! - n) ) ✓

11 ! Ci !=n) && i ten implies i==n

11 i==n implies present iff × in A [o : n -I ]

ASSERT resent itf x in A [ o : n - 13 ) V}
ASSERT canescent iff x in A Eo : n -13) K



Effi't# Example :
① f -- l ; g -- o ; K -- l;

while Ck ! -- n)

IN VAR CK > 0 && f-- = FibCk) DR g == Eib Ck - ID

{ t-- ftg ; g = f ; f -- e ; Ket 's
}

3roof tableau :
ASSERT Cttue)
ASSERT Cl 70 && I -- = Eib Cl t old g== fib COD
f -- l ;
ASSERT Cl 70 && f -- = Fiba ) &&o== fib COD
g-- o ;

( I 70 && f -- = Fiba ) &&g== fib COD

H.it (
ASSERT
12=1 ;

ASSERT CK>o && f -- = Eib Ck) &&g== fib Ck- ID
while CK ! ' n )

ASSERT E k>o && f -- = Eib Ck) old g== fib Ck-1) old k ! = n)

Fibcn) = Fib Ch-H t Fib Cn-2£> y k > o implies Kt I 70 , f== Eibck) *& g = - fibCk -y imdies ftg
A = = Fibckty

( Kt i > o &&ftg== Eib Ck -11 ) &&f = -- fib Ck ) )

H .A PASSER
#

te ft g ;

µ . A GASSER#
C Kt I 70 && ⇐ = Eib Ck -11 ) Idf == fib Ck ) )

g-- f

µ . ,y ( ASSER# C
Kt I 70 && ⇐ = Eib Ck -11 ) old g== fib Ck ) )

¥"
Kt , > o && f = = Fib Ck -11 ) && g== fib CK ) )

H.
# (

ASSER# c

kttj

ASSERT CK>o && f -- = Eib Ck) &&g== fib Ck- ID
} 11 end while

ASSERT CK>o && f -- = Fib Ck) &&g== fib Ck-1) && ! Ck ! - n ) )



For Statements :

Examde
fo- CAO 's B ; A , j C ⇒ For Ci ⇒ ; i an ; itt ) C

Ao and A , are assignments( '

i'
'

is
: edition

J ATTLEE 'T while statement

(
Ao 's while CB ) {CAB

j

corresponding proof tableau

ASSERT Cd )

→ while 3k¥ If

ASSERT CI)

while CB ) {

ASSERT CI old B)

C

④ →
while'¥E⇒tk

ASSERT CI)

} 11 end while

ASSERTCI old ! B )

ASSERT CQ)

Example :
ASSERT C o2=nL= man )

ASSERT CO2 = n 2 -- Max,{ int i ;

present = false; FEEwhile { int i ;
⇒

present = false ;for C i -- o ; ion ; itt,

if (AEI] == × ) present = true
i. = O J

} ASSERT CI )

ASSERT ( Present iff x in Ato - n -I ]) while Ci Lh) {
ASSERT CiII&& id n )
if CA Eis == x) E

ASSERTCIA isndd AE] x)
present = thee

ASSERT CI)
else

ASSERI CI&&i2n&& ! A x)

ASSERT CI )
it -1

ASSERT CI) 34 end while

ASSERT CIH i. Cien))



Attay Component assignment → Formalize reasoning about array
- component assignments

code to interchange two array elements - assume all subscripts are within range of subseries for
A .

ASSERT CALI] == Xo && AE;] = ' yo

Ati ] = AEI ] - AE;] ;

it:& : Iii :"
ASSERT CALI] - = To RR A Ej ] = = Xo )

what can go wrong?

↳ if i==j
, code does not work

Instead of modifying individual array elements
,
we have to modify the entire Array

E- if I I ' } IEEE
A # t AEIIETEEEEGFE.EE#.EEEf

Notation : CAI It> E ) [I' ] = { a [ I . ] if I ' ! -- I E , EE.SI#xAEI
'

] #GHAI

Example (notation use) :

"

10814141331245T
-

(A 121-76 ) f
1%141213312417X

( ( A 121-76 ) I 4-79 ) /
1%1411131%117)

( ( A 121-76 ) I 21-711 )

1%14/2/331414=4It 2
-

(CA 1 It> E ) II HE
'

) = CA II HE ')

Modified Hoare 's Axiom scheme y
ASSERT CQ ) #FILTER Away A. If

A- [ I ] = E FEI't¥GfETQ&EFA[Q] CAT> A ' ) { AEI ] =E 's 3 Q ⇒↳
ssz*y ca,

Raf's. FEET # IIHE)where
A

'
is CA II t> E)

Example :
.

7 ASSERT C CA II ⇒ 3) EJ ] > = ( A1 It> 3) [ I ] ) )

H.tl ( A EI] =3 ;
ASSERT CA Ej ] > = AIL I ] )

are

Henri-te precondition inform that does not have array component substitutions

i==j : 3 > =3 true

i !=j : A Ej ] > =3

Logical formula precondition becomes

ASSERT CAL 's ] 7=3 It i==j )

Examine 2

µ .
, [

ASSERT CALL '→ x) § k t> J B Ej]==o,

AEI ] = x

na fattest " ' K'→ this - o,

ASSERT CAL 's ] = '- O )



-

Example :
ASSERT CO2 = n 2 = Max )HI nvariane I = oh -- iz -- n dd X ! = Ato : i- y &&AEnf=x

{ int i ;

ASSERT C 02 = nd
-

- max,

[
ASSERI (02=02 -- n RR X ! -- CA / n t> x ) [ o : - I ] old CA Infix ) In] == x)

A-Eh] = x ;

ASSERT C 02=02 = n && X ! = A [ o : - I ] && A En ] == x )

H .
A

o ;

ASSERT (oh =i2=n old X ! = A Eo : i- y &&AEnf==x )

while CA Ei ] ! - x ) {
ASSERT Cod =i2=n old X ! = HEO : i- y &&AEnf=x old A- Ei] ! =x)

(/ Acn] == x and Aci] ! -- X implies i !=n , one inn and i !=n indigo 2- i - n

11 0£ i Ln implies o - = it ' E.n , AEI] ! ex implies x ! = Aco : i]

µ . ,y (iA¥ERT
⇐"K -- n dd X ! = ALO : i g &&AEny==× )

ASSERT (oh =i2=n old X ! = A Eo : i- y &&AEnf==x )

311end - while

ASSERT (oh =i2=n old X ! = A Eo : i- IT &&AEnf=x&& ! CALI] ! -- xD

11 A [ i ] = = X &&AEn]== x imdies i = -- n
,
which implies following

µ .

ASSERT ( ( i - n ) iff x in A [ o : n - I ])

present = ( ish )
ASSERT C present iff × in A [o '

- n -II j

Example:
ASSERT CALI] ==y old AEI] = -- × ,

> ASSERT C AE's ]==y old AEI] x)

→¥¥tt¥ FEAT
's ]==AEij

#
,
AET

{ int z ;
T

µ#
{ASSERT ( ( (Al i→ AE's ] ) M j t> AE [ i ]==y && Aci ]==x)

2- = A [ i]Tmn=
ASSERT ( ( (Al i→ AE's ] ) M j t> Z ) [ i ]==y old Z==x )
Tati ] = AE 's ]HAL ASSERT ( CA 1st> Z ) [ i ] =

-

- y old CZ =D )

> ASSERT ( ( Al J t> Z ) [ i ] =
-

- y && CA Ij ↳E , Ej ] = - x,

AE's I = iz ;

H -

A

z# (* [is ==y old this ] -- =D



Examine 2

µ .
, µ

ASSERT lit>x) § k t> J B Ej]==o,

AEI ] = x

na fattest:* " ' K'→ness - o,

ASSERT CAI 's ] = '- O )

Rewrite logical formula :

g
¥fGf FEET. -FIFA hold , Ehf'VE

j= -

- k i 5 =
'

- o false
j ! = K : j == i : + =

-

- o

j : = I : A [ j ] =
-

- o

⇒ Cj ! =k old j == I &&x==0 ) Il ( J !=k Adj ! -- I old AE's ] -_ =D

Example : shifting array elements from even numbered positions to a

"

contiguous chunk " in the beginning

interface const ine n 's

Entry AE 24 ; 11 entries numbered 0
, .

. .

,
2n -1

Precondition

n 7=0 && A == Ao

Post condition

For All Ci -- o 's inn, AEI]=-L2i]
O 1 2 34 J f 7 8 9 10 a 12 i3 at CJ lb

-

'

. IIIIIIIIIIIIIIIIII - -

-

a

-

'

. IIIIIIIIIIIIIIIIII - - - I

0 I 2 - - - - . j - I j j -11 a - - -
-

2h

÷
C ' ) ForAll Cisco ; is 's , AEI ] =

-

- AO -12 i] :

says what are values in modified part of array .

At end of loop implies post condition

(2) For All Cis 's 5 i 22ns A [ i ] = Aoti] :

says what are values in unmodified overt of array

This is needed to verify that Assignment AE;] = A -12 's ] modifies
correctly

↳ 7E¥yF¥TaG while loop Gf -T EERIE. i. True before entering the loop 's
preserve by loop body

* Second {art is needed because the code c. moves around ' ' element of the away
( from unmodified → modified,
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Non - interference Principle

ASSERT CH

C

ASSERT C ? )

is valid if
D C has no assignment to variables used in 7 and
ii ) c has no side-effects to variables in P

i . As'¥'EThodd → cI¥z%ka3
E-g . ASSERT CA Ao ) 2. 'me ! .es
- ASSERT C For All Ci=o ; i- n, AEI] == Ao Eis,

I
int k;Non
A- In ] = target; no assignment / side effect

'

Ii:c
'

::
" ) '

Ii: " "" ⇐ ⇒⇒ "+ ; } " " " ""

present = Ck 2 h ) j

- ASSERT (For All Ciao
,
i - n , AE ,

- I == Ao Eis )

we have verified two correctness statement for the
array

search code C

Can combine ul bourdons as

ASSERT CO L = a < max

Rd A = =Ao)

C

ASSERT ( present iff target in a Io : n - IT

&d For All Ciro 's inn , AEI] =
-

- Ao Ii ])

hummedNo assignment ( side effect

inference rule

7 . { c } Q ,
32 { c } Qz
-

7. R&b { C } Q . &&Q2

Justification Using precondition strengthening
} , old 32 { c} Q u ng 2=1,2

New inference rules lose - condition conjunction

3 { c } Q , 3 Ec } Q2
-

Z{c} Q ,
&& Q2

2. {c } Q . 22 Ec} Q2-
7, 1132 { c} Q . 11 Q2



Intro to Comsiutability Cch 12)
-

Algorithmic problem :

- potentially infinite set of inputs
- a function that associate an output to each input

solution for algorithmic problems :
- Algorithm that for each input computes the correct output

Unimplementable ( Unsolvable
-

-

many well defined and natural algorithmic 2203km can 't be

solved ( i. e an algorithm does not exist,

Haltinggroble.me : specification #Talks - THE-85k¥ It -tE4¥Ey -Kang#Egf
Implement a function HALTS in C that receive Tuo file . parameters

tune and

argi
) must return true if the file Luc contains a C function

definition with one file parameter
,
and the function terminate

it applied to any . file - c
-

boot test (FILE f,
{ - - - g

Cii ) Returns false otherwise

Diagonalize -lion
-

Technique for solving ansolubility
we assume HALTS can be implemented and deriveaconthadict.io#

boot halts CEIL't tune , FILE # any, E - - -
-g

assume this returns properly
test.cz

int test (FILE # f ) {
FILE # & = tempfile c , ;

(03T Efg ) ; I# Copies file f to a */
if (halts Ct , as ) while Ctrue , { 3

else return 05

}

Ff test Id halts ( test , a)
-1

fEGSGSIEE.tii-fini.ee loop

ftp.txs-84.EE return false



Run test on test

* if halts return true → Program will infinite loops

should be false
=? L=

* if halts return false → program tesmines

⇒ <= I# should be true#

Assumption HALTS

returns properly is false

⇒ HALTS is not solvable

# FHE¥¥I4¥z 22am If contradiction : Is'¥ halts :# false
,

'El IT. # , ⇐ returned

from a computability point of view
,
all high level programming languages Cc , Java,3ytho,

are equivalent : exact same function can be implemented in each language

¥ There exist various simple theoretical models that are equivalent to general
Zuazo se programming language
- most well known is Turingldachine
- Turing machine is a pushdown automata where the reading head can go

into the stack and rewrite symbol inside of it .

read symbol

\ L , R , r , w

← ✓ →
→⑤→!=⇒¥¥⇒E¥⇒= → -

church- Turing thesis
-

Any function that can be implemented by an informal algorithm can be implemented

on a Turing Machine

- C. T is believe to be true

- impossible to prove it , because " informal algorithm " doesn't have
a great definition



Reductions Hta 365*5. -¥4,
→

qq.ge#BfafEfEiFH-EgEkEaEiAA
u
A reduces -613

Algorithmic problem A reduces to Problem B

if a ( supposed ) algorithm for B can be used to construct

algo for A

input → /AT¥A/
output
→

-

I use as a subroutine

117190-6213-1
-

Note the definition does not indy B has an algorithm

Example know HALTS c s is unsolvable
-

boot Halts On Empty CEILE tune )

* Returns true it tune is a definition of an

int futihiction with one file Zara meter and that function
hates when applied to the empty tile

* Returns false otherwise

i ) Halts on Emmy reduces to general halts

C is a special case of halts )

ii) In order to show Halts on Empty is unsolvable
,

need to reduce halts to halts on Enety .
-
-

↳ Reduction ! ' '¥s¥E¥- THE.ES#.ETit7EEGFEEEEFu-tEx'k¥3 -T BEE
.
#kits - Tif'¥Eeoftf.IT#EfIBhi77EEEesFa-B"

↳
Any instance of A can be transformed in polynomial time into an instance of B
in an answer Terseruing way

7, a
.
Given a set S of n integers , does S contain the value 4 ?

22 : Given a set S of n itegets . does S contain the target integer k ?

↳ 9. Elk '¥ ⇒ 7 , reduce to K V ⇒ 7 , tea '¥¥¥e

B. tell
'
'

¥ ⇒ 72 reduce to 7, ⇒ ✓

( T
w

s
' His - K -14 → THE481¥# k

223 Notation : halts s halts on Emmy
K

?

# polynomial time
reduces to



haleskzl-laltsonEme.de'm halts ( Enna , avg)

returns true if
Etfff : # halts on Empty 4x4 -¥ halts tune applied to ang

fuk Cary)↳
fun , any → Fane

, Atg

Implement a file transformation
merge ( June , any , Eun cavy )

if tune contains

µ
IE tune , org safer# ¥541 #TJ

int f CEILE * us { c } funcarg of , Ets funcarg with
then merge writes Emc Arg :

empty file fat tf = tune on ay
int f CE ILE # b) {

↳
new dsescviseion, function ignores this

FILE# a = Emp FILE C ' j

ferine T Ca , " %s " , " arg " )
I contents of file any

C

}
Note : The code C uses file * a

Function written to Tune Arg on any input behaves like tuna on inputad
# ESTH. Euncarg %¥efE #Isaf Fun on any 4¥ cozy TEL

boot halts ( FILE # tune , FILE * any ) {

FILE# Eun-Aug = tmptilecij

merge ( Eunc , any , Eunc Avg ) ;
return Hales On Empty CEuncALy )

}
Function written to quae Arg on the empty file behaves as

f-unc on inaut any
-

-

Assuming Halts on Eaytyc , satisfies its specification , then implementation

of halts is correct .

Halts reduce to HutsonEmpty -2 Halts On Emory is an implementable / unsolvable
In

.

#Itzhak # Heifetz't# 3 Halts n Emmy Fa
. Ffa's,# Halts,



Rice 's Theorem
g

formalized as

Using similar
"

programming tricks
' '

we can show that
' '

practically all ' ' algorithmic Holstein

belated to program correctness or termination are unsolvable

Decision Holden

outfit is yes or no
-
-

Semantic Property of program:
-

property that relates to behaviour of program :

- On input x , on out put y
- terminates on input x

Syntnctic3rozer-y_ Frozen-4 depending on the code

- program has correct C syntax

- program has tooo lines

Non-trivial decision moiety :

some inserts have the Hosiery and
some do not

Rice 's Theorem
-

All non - trivial semantic decision 2203k¥ ies of programs are

unsolvable

semantic Tozer-Cig : relates to input / output behaviour of the program

Unsolvable problems for strings
-

Post cohesion dance Problem ( Rcb
Input : two sequences of strings

(Ui , - -
- Uk ) ( Vi

, . - -

, UVKJ

Question : Does their exist a sequence of indices i . . . . . . im

such that Ui
. ,
Ui , .

. . .

Uim = Vi
. .

- - - - Vim

Note
the 1 ,

- - -
- K may repeat in the sequence i , , .

- - -

,
in

Example

Ca'
, b-, ab ' ) Caleb , ba , b)

Solution : aa bb aa abbaablbalaab ) b )
Turing Machine halting golden reduces to KT

↳
3cg is unsolvable



Using a reduction from Kl we can show various Holsteins

for CEG Context free grammar) are unsolvable
.

- CEG equivalence
- does a CIG generate all terminal strings
- deciding ambiguity of CEG

Note CIG are useful because parsing can be done efficiently
-

Regular languages
-

- all ' ' natural " decision problems are solvable for regular language
↳ solvable in evincible : we do not care about resources

used by the algorithm

- There are known examples of unsolvable Problems but have m i. unnatural
" /

' 'Artificial ' ' definition
- Computational complexity

* Existence of an algorithm does not imply it's solvable in practice

* Integer factorization
- Trivially solvable in the computability Sense

- No efficient algorithm known

also non hardness

* Niang problems for regular language that can 't be solved

efficiently ;

- HEA minimization , NFA equivalence
- regex minimization , regex equivalence

→ problems are 357A CE - complete


